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and n = 1, K = 106.6 (in 0.01 M NaAc), respectively. Be- 
cause the range for the extent of binding r is limited (0.7 
< r < 1.0) for this strong binding polymer, the agreement 
between the calculated curves and the data points in these 
plots does not support the validity of the independent-site 
model, however. 

One way to circumvent this difficulty was to increase 
the ionic strength of the medium to 0.05 M NaCl and 
hence to weaken the binding so that the data points can 
cover the whole range of r.  These data were indeed ob- 
tained and analyzed in the same manner as those above 
for MPVI + MO and are summarized in Table IV. Direct 
comparison of the parameters KO and w for the two poly- 
mer listed in this table is not appropriate because the two 
systems were not measured at  the same ionic strength. 
Note that the cooperative model seems to describe well 
both systems when the polymer sites are approximately 
70% occupied (Le., r = 0.6-0.7). 

Conclusions 
1. The 1:l stoichiometry for complexes of methyl orange 

and the quaternized poly(N-vinylimidazole) homopolymers 
suggests that binding capacity is dictated primarily by 
charge. 

2. The binding strength between methyl orange and the 
quaternized polymers is influenced by (a) Coulombic in- 
teraction between the anionic dye and polycations, (b) 
nonionic interaction between the quaternizing side chain 
and the dye, and (c) nonionic bound dye-dye interaction. 

3. The binding behavior in the saturation range 0 < r 
< 0.7 can be described by the McGhee-von Hippel ex- 
pression. The bound dye-dye interaction is associated with 
the aggregation tendency of the dye, which contributes an 
additional force to the overall polymer-dye interaction. 
The cooperative binding cannot persist, however, a t  a 
higher saturation level, possibly because of the steric 
hindrance of the two neighboring dye molecules. 
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Shape of Unperturbed Linear Polymers: Polypropylene 
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ABSTRACT Large numbers of conformations of unperturbed polypropylene chains are generated in Monte 
Carlo experiments, based on a rotational isomeric state scheme, and the average instantaneous shape in the 
system of principal axes of gyration is evaluated. Several new shape measures are introduced to characterize 
the shape anisotropy, asphericity, and acylindricity. Significant differences are found between short- and 
medium-length chains of different tacticity, while for long chains all shape measures converge to  a common 
limit. The detailed three-dimensional segment density distributions are examined, and they are found to 
be bimodal along the longest principal axis of gyration. The loci of highest segment density are always two 
clearly separated domains, not containing the center of gyration, and they lie on the major principal avis separated 
by ca. 1.3(S2)01/2-2.0(S2)01~2. The core of the segment distribution of an unperturbed chain is therefore 
dumbbell-like in shape. 

Introduction 
Flexible-chain molecules can assume a large number of 

conformations and shapes due to the many internal degrees 
of freedom. The average shape of these molecules is of 
importance for a variety of phenomena, especially for 
dilute-solution hydrodynamics. Commonly the segment 
distribution for long chains around their center of mass 
is examined as an average over all possible orientations in 
space, i.e., integrating over the external degrees of freedom, 

and spherical distributions of approximately Gaussian 
shape are ~btained.l-~ As early as 1934, however, Kuhn 
had realized5 that the instantaneous shape of polymer 
coils, observed without orientational averaging, is far from 
spherical. Average shapes obtained without orientational 
averaging are therefore necessarily aspherical, and the 
accurate characterization of these shapes is relevant for 
the interpretation of phenomena with characteristic time 
scale smaller than the largest relaxation time of the 
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Table I 
Eigenvalues of the Average Instantaneous Radius of Gyration Tensor for Simple Linear Chain Models 

tvDe of chain _ _  
random walk on a simple cubic lattice 

approximate analytical solution for freely jointed chain 
Monte Carlo estimation with the rotational isomeric state model of 

molecule.6 Even in situations of long-time scale, however, 
the shape of the individual chains can play an important 
role; in viscous flow, Zimm26 showed, orientational 
preaveraging of chain conformations may lead to signifi- 
cant error, and consideration of the chains as an ensemble 
of rigidly translating and rotating bodies is a much better 
approximation. Considerable work has been done in ex- 
ploring size and shape characteristics; an excellpt review 
of _the literature prior to 1977 was written by Solc.' 

Solc and S t ~ c k m a y e r ~ , ~  were the first to explicitly ad- 
dress the shape of flexible polymer chains; they introduced 
as shape measure the eigenvalues of the radius of gyration 
tensor, X2, y2, and z, and presented on elegant analytical 
method for the evaluation of the symmetric sums of the 
average moments of the form 

polyethylene 

_ _  

c ( X2" T2UF2") 
all permutations of u, u, w 

where the angle brackets denote an average over all con- 
formations. The individual principal components could 
only be estimated by numerical techniques, however. An 
approximate analytical method was introduced by Koya- 
ma,lo yielding essentially the same values for (%), (F), 
and (z) as the random-walk results of solc and Stock- 
mayer.8~~ Yoon and FloryG were the first to estimate these 
quantities for a realistic chain model, the rotational isom- 
eric state model of polyethylene, and they obtained values 
in excellent agreement with the previously reported results 
for long linear chains. Results for the eigenvalues of the 
average instantaneous radius of gyration tensor, obtained 
by these different authors, are shown in Table I. More 
recently Mattice has obtained values for (3) , (F) , and (z) by Monte Carlo calculations with rotational isomeric 
models for triglycerides," lecithins,12 poly(oxyethy1ene) ,13 
some  polypeptide^,'^ and bolaform electr01ytes.l~ All these 
results concern only unperturbed linear chains; there have 
been several puplications dealing with the effect of solvent 
quality on the size and form of the radius of gyration 
tensor, as well as with branched and cyclic polymers, but 
we limit the scope of this paper to unperturbed linear 
chains only. 

The specification of the three eigenvalues of the radius 
of gyration tensor naturally leads to the image of an el- 
lipsoidal shape, (%), (7) , and (% being the semiaxes 
of the ellipsoid. The limitations of this picture can only 
be avoided by evaluation of more detailed information on 
the spatial segment density distribution. Rubin and 
M a z u P  were the first to investigate the detailed three- 
dimensional density distribution in the principal axis 
system; for unrestricted and self-avoiding random walks 
they plotted histograms, projected along the three principal 
axes of the radius of gyration tensor, which demonstrate 
clearly that the segment distribution along the "longest" 
axis is much flatter than those along the two "shortern axes. 
We follow this line of investigation with the analysis of the 
three-dimensional density distribution of an unperturbed 
vinyl polymer, polypropylene. Investigation of the effects 
of chain length and tacticity will allow us to identify fea- 

n = 50 0.1270 0.02906 0.01075 11.8 2.7 8, 9 
n = 100 0.1256 0.02916 0.01077 11.7 2.7 8, 9 
n - a  0.125 0.0298 0.0118 10.6 2.5 10 
n = 1000 12.0 2.7 6 

tures general to all chains as well as structure-dependent 
variations. 

Measures of Shape 
Consider a chain with n skeletal bonds, numbered from 

1 to n, and n + 1 skeletal atoms, numbered from 0 to n, 
in a particular conformation. The center of gravity of the 
chain is defined so that Cy=osi = 0, where si = col (xi,yi,zJ 
is the position vector of skeletal atom i in a frame of 
reference with origin at the center of gravity. We form the 
dyadic sis? and consider its average value over all skeletal 
atoms, the radius of gyration tensor 

where the overbar denotes averaging over all backbone 
atoms in the chain. Transformation to a principal axis 
system diagonalizes S, and we choose that principal axis 
system in which --- 

S = diag (X2,yZ,z2) 
_ _  

so that the eigenvalues of S, X 2 ,  YZ, and z, are in de- 
scending order, Le., % 1 1 5. The first invariant1' 
of S is the squared radius of gyration 

(3) 

a measure of the average size of the particular conforma- 
tion. Chains consisting of segments of equal mass have 
by definition18 a moment of inertia tensor (with respect 
to the center of gravity), I, which is diagonal in the same 
frame of reference as S (see Appendix). 

The shape anisotropy of a chain in a particular con- 
formation shall be defined as the traceless deviatoric part 
of s 

(4) 

[tr (5) = 01 where E is the unit tensor. In the principal 
axis system we segment S, in a way similar to Smith and 
Mortensen's treatment of the molecular polarizability 
tensor,lg into two terms (each consisting of a scalar and 
a constant numerical tensor) 

S = b diag (y3, -y3, -y3) + c diag (0, y2, -y2) (5) 

s2 = = tr  (s) = x2 + F + 22 

S = S - y3 tr (S)E 

Thus, we define the asphericity b 

b = F- Y 2 ( 7 +  z",, b I O  

and the acylindricity c - -  
c = Y Z - z 2 ,  c 1 0  (7) 

The quantities b and c are useful in characterization of 
shape; for shapes of tetrahedral or higher symmetry b = 
c = 0, and for shapes of cylindrical symmetry c = 0. 

A_n*overall measure of shape anisotropy is the quantity 
tr (SS), a simple function of the invariants of S I 7  

(8) tr (SS) = y3b2 + y2c2 = 7311' - 212 
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and we use it to define the dimensionless relative shape 
anisotropy K’ as 
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which is also a simple function of the invariants of S17 

The relative shape anisotropy can assume values between 
0 and 1 (note that 3 1 I 9). A linear array of skeletal 
atoms (Le., a rigid-rod molecule), for example, is charac- 
terized by K~ = 1; for a regular planar array such as masses 
at  the vertices of a regular polygon or a homogeneously 
filled polygon K~ = 1/4; for structures of tetrahedral or 
higher symmetry, K~ = 0. 

Up to now only a single-chain conformation has been 
considered. The average shape of a chain molecule is 
reflected in the statistical mechanical averages of the 
measures introduced above, over all possible conformations 
of the chain, each taken in ita principal axis system. These 
ensemble averages will be denoted by angular brackets; i.e., 
( a )  is the conformation average of a. Some of these 
quantities can be obtained by exact matrix methods if a 
rotational isomeric state scheme is employed: the average 
square radius of gyration ( s ~ ) ~  and the average square 
end-to-end distance ( r z )o  (and hence the characteristic 
ratio C, = ( rz)o/n12) were computed by standard matrix 
methodsz0 (the subscript zero denotes averages over en- 
sembles unperturbed by the effects of e_x_cluded volume). 

The shape measures ( b)o ,  ( c ) ~ ,  ( t r  ( S S ) ) o ,  and the av- 
erage relative shape anisotropy 

however, cannot be evaluated exactly; for their estimation 
Monte Carlo methods were used. 

Molecular Model 
Polypropylene, represented by the molecular formula 

CH3-[CH(CH,)CHz],-H, is a vinyl polymer with well-es- 
tablished conformational characteristics and a fully defined 
rotational isomeric state scheme.z1 Three tacticities were 
examined, characterized by Bernoullian diad distributions 
with meso-diad probability w,: syndioactic chains (w, = 
0), atactic chains (w, = 0.51, and isotactic chains (w, = 
1). All parameters were taken from Suter and Flory’s 
workz1 for a temperature of 298 K. Chains of degree of 
polymerization x = 5 to x = 999, i.e., with 10-1998 skeletal 
C-C bonds, were employed. 

Monte Carlo “Experiments” 
A computer experiment consisted in generating an en- 

semble of chains of specified tacticity (w,) and length (n 
= 2 x )  in order to estimate the quantities of interest. A 
chain of defined tacticity was generated as a Bernoullian 
sequence of diads, and a conformation was selected at  
random by recourse to an “equivalent Markov” scheme? 
the a priori probabilities for bond 2 to be in state C;, pE;2, 
and the conditional probabilities for all bonds 3 I i I n 
- 1 to be in state C; given that bond i - 1 is in state 5; pfEii, 
were obtained by appropriate multiplication of statistical 
weight matrices, and a conformation selected by Monte 
Carlo simulation. 

Each chain is translated from its original frame of ref- 
erence (i.e., that of bond 1) so that its center of gravity 
coincides with the new origin. The radius of gyration 
tensor S is then obtained according to eq 1 and the three 
invariants 11, I z ,  and 1317 are computed. S is analytically 
diagonalized by solution of the cubic secular equation A3 
- IIAz + 12X - I 3  = 0 for the three eigenvalues A,, A2, and 

Table I1 
SamDle Sizes Used in the Monte Carlo ExDeriments 

N* 
X a  w, = 0 w, = 0.5 w, = 1 

5 5000 5000 5000 
I 20000 20000 20000 
8 15000 
9 15000 15000 15000 

10 15000 
11 5000 5000 5000 
12 10000 
13 10000 
21 3000 2000 2000 
41 2000 1000 5000 
61 1500 750 500 
81 1000 500 500 

101 500 500 500 
151 500 
201 500 500 200 
301 500 500 500 
40 1 500 
501 500 500 500 
751 300 200 200 
999 150 100 150 

a Degree of polymerization. * Number of chains. 
-- 

AB, which ?e sorted and identified with Xz, P, and F. s2, 
b, c, tr (SS), and K~ are then computed. The eigenvectors 
corresponding to Xz, P, and are subsequently calcu- 
lated and the coordinates of all skeletal carbon atoms are 
transformed to the principal axis system by using the ei- 
genvector matrix as transformation matrix between S in 
the original frame of reference and the chosen principal 
axis system. 

In order to obtain information on the detailed distri- 
bution of the segment cloud in the principal axis system 
a cube centered at  the center of gravity and with edges 
parallel to the principal axes is subdivided into a grid of 
40 X 40 X 40 cells (the dimensions of the cube are chosen 
large enough that all chains in a given ensemble fit into 
its boundaries, and small enough to provide adequate 
resolution; typically an edge length of 2(rz)01/z was used). 
The number of skeletal carbon atoms found in each cell 
is then counted, giving the distribution of segments for this 
conformation. 

During a computer experiment these processes are re- 
peated a number of times and the average values and 
standard deviations of all quantities computed are accu- 
mulated. At the end of an experiment the segment dis- 
tribution is “symmetrized” by averaging the cell contents 
over all octants around the center of the cube. A rather 
well-resolved distribution of the segment density p(x,y,z) 
in space is thus obtained. The number of chains, N ,  
generated for each ensemble of given tacticity and chain 
length is listed in Table 11. 

Results and Discussion 
The mean-square end-to-end distances ( r2 )o ,  the 

mean-square radii of gyration ( s ~ ) ~ ,  and the radius of gy- 
ration tensors ( S ) o  (computed in the frame of reference 
of the first bond of the chains) were estimated for all 
ensembles in Table I1 and compared to the corresponding 
values obtained by exact matrix multiplication6yms in order 
to check the simulations; agreement was excellent. This 
estimate of ( S ) o  rapidly approached, of course? with in- 
creasing chain length a scalar tensor of spherical shape. 
I t  was observed that the ratio ( r 2 ) o / ( s 2 ) 0 ,  being ca. 8 f 1 
for x = 5, decreased rapidly to its “Gaussian” value, 6, with 
increasing chain length, and on the basis of this measure 
a chain of 300 bonds is essentially Gaussian. 

_ _  



Macromolecules, Vol. 18, No. 6, 1985 

w = o  
I . o  

0.5 

0.0- I I I I 
0 500 1000 1500 2000 

n 

w, =0.5 
I I I 

0.5 

0 500 1000 1500 2000 
n 

wm= 1 
1.0 
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Figure 1. (a) Three eigenvalues of the average instantaneous 
radius of gyration tensor, divided by the mean-square radii of 
gyration, vs. chain length (n = 2x) for syndiotactic polypropylene. 
Vertical bars denote standard deviations of the mean values. (b) 
Same as Figure la, but for atactic polypropylene with 50% meso 
diads. (c) Same as Figure la, but for isotactic polypropylene. 

The quantities characterizing shape, on the other hand, 
never approached the values expected for a spherical 
distribution of segments. The average eigenvalues (s),, 
(F),, and ( F ) ,  (eq 2), after division by (s2),, are plotted 
in Figure 1 for the three tacticities examined. In all cases 
( X 2 )  decreases, and (9) and (5) increase with increas- 
ing chain length, but a t  n = 500 the reduced principal axes 
have settled to their limiting values. The values at x = 
999 are reported in Table 111; they are indistinguishable 
among the three tacticities and compare well with Koya- 
ma's', approximate analytical values for infinite (Gaussian) 
chains: (?)o/(s2)o = 0.754, (?)o/(s2)o = 0.175, (F),,/ 
(s2), = 0.0646. Note that in Figure 1 the values for atactic 

- 

1 

Shape of Unperturbed Linear Polymers 1209 

w, = 0 
- 0  

w,= 0.5 
1 

-&-Aa- 

0 
0 500 1000 1500 2000 

n 

w, =I 
I 

< c >, I < s2a 

0 0 L 500 1000 1500 2000 

n 
Figure 2. (a) The average asphericity, ( b ) o ,  and the average 
acylindricity, (c)~, both divided by the mean-square radius of 
gyration, vs. chain length (n = 2x) for syndiotactic polypropylene. 
The dashed line represents the average relative anisotropy 
coefficient, ( K ~ ) , , .  Vertical bars denote standard deviations of the 
mean values. (b) Same as Figure 2a, but for atactic polypropylene 
with 50% meso diads. (c) Same as Figure 2a, but for isotactic 
polypropylene. 
chains approach the limits more rapidly than the stere- 
oregular chains; this is a general characteristic, observed 
with all shape and size measures. 

The average asphericities ( b ) ,  (eq 6), and the average 
acylindricities ( c ) ~  (eq 7), both divided by (s2),, as well 
as the average relative anisotropy coefficients ( K ~ ) ,  (eq 11) 
are plotted in Figure 2. I t  is evident that the shortest 
chains are very cylindrical in shape and that they become 
somewhat less cylindrical and a little more spherical with 
increasing chain length; the syndiotactic chains (for which 
asymptotic limits are only reached at  n = 750) show these 
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Table I11 
Limiting Shape Measures for Polypropylene Chains 

tacticity 
measure X w, = 0 w, = 0.5 w, = 1 

0.78 f 0.05 
0.17 f 0.01 
0.058 f 0.003 
0.66 f 0.03 
0.110 f 0.006 
0.42 f 0.01 
0.66 f 0.09 

13.4 f 0.8 
2.9 f 0.2 

< x2>, 
<z> 

0 
0 . 0  0.5 1.0 

10/n 

1 
0 
0 .0  0.5 1.0 

101n 
Figure 3. (a) Ratio of the largest to the smallest eigenvalue of 
the average instantaneous radius of gyration tensor, vs. the inverse 
chain length (n = 2x), for syndiotactic (w, = 0), atactic (w, = 
0.5), and isotactic (w, = 1) polypropylene. Vertical bars denote 
standard deviations of the mean values. (b) Ratio of the two 
smaller eigenvalues of the average instantaneous radius of gyration 
tensor, vs. the inverse chain length (n = 2x). See Figure 3a. 

features in a somewhat more pronounced way than the 
atactic and isotactic chains (for which the limits are 
reached at n = 200). The limiting values of ( b)o / ( s2 )o  and 
( C ) ~ / ( S ~ ) ~  are included in Table 111; they are indistin- 
guishable among the three tadicities. The average relative 
shape anisotropy ( K ~ ) ~  is a decreasing function of chain 
length in all cases; its dependence on chain length is 
stronger than that of ( b ) o / ( s 2 ) o  and ( C ) ~ / ( S ~ ) ~ ,  and it 
converges only at n = 750. The limiting values are also 
listed in Table 111. 

The average ratios required in eq 11, i.e., (12/112)0 or (tr  
(SS)/(tr (S))2)o, have not yet yielded to analytical evalu- 
ation. SOlcg has obtained the individual averages 

(12) 

(1/180)(1 - 5/n2 + 4/n4) (13) 

(3 + F + F)o (s2)o = ( 1 1 ) O  = f/6(1 - l/n2) 

(m +" + m), = ( 1 2 ) o  = 

( ( 3 3 2  + (F)2 + ( 2 2 ) 2 ) o  = 
(1/540)(13 + 10/n2 - 23/n4) (14) 

0.77 f 0.06 
0.17 f 0.01 
0.060 f 0.004 
0.66 f 0.04 
0.106 f 0.007 
0.41 f 0.01 

12.7 f 0.9 
2.9 f 0.2 

0.75 f 0.06 
0.19 f 0.01 
0.060 f 0.003 
0.66 f 0.05 
0.113 f 0.008 
0.40 f 0.01 
0.69 f 0.12 

12.5 f 0.8 
3.1 f 0.2 

I I I 
1 

X I  ~ 1 2000 Chains1 

15 1 
I i I  

I 1 1  
c 

x 10 
K 

$ 5  
L 
LL 

0 
-20 0 20 

Distance Along Principol Axis 

Figure 4. Histograms of the average segment distribution in an 
isotactic polypropylene of 21 units, projected along the three 
principal axes of the instantaneous radius of gyration tensor. 

for freely jointed chains with Gaussian segments, however. 
These equations, together with the relationship 

"/2(tr (SS)) / ( t r  (s))~ 
( ( 3 3 2  + ( F ) 2  + (zy) - (m + yzz2 + z2x2) 

(F + F + Z z ) Z  
(15) - - 

yield an exact limiting value for all infinite chains: 

lim %(tr (SS))o/(tr ( s ) ) O 2 )  = 73 (16) 

The corresponding values from our Monte Carlo experi- 
ments are given in Table III; they agree with the exact limit 
(eq 16), but are plagued by very strong fluctuations. An- 
other limiting ratio corresponding to eq 16 is obtained from 
eq 12 and 14 

lim 11 - 3 ( 1 2 ) O / ( 1 l ) O 2 )  = Y5 (17) 

It  is pure coincidence, of course, that this ratio is sur- 
prisingly close to the values of ( K ~ ) ~  reported in Table 111. 

The data displayed in Figure 2 have been replotted in 
Figure 3 as ratios of the length of the squared principal 
axes, ( % ) o / ( ~ ) o  and (F)o/(z)o, vs. the inverse chain 
length. Striking differences are observed among the dif- 
ferent tacticities in the region of short chains: the static 
chains yield a monotonic dependence for each ratio, the 
isotactic chains show modest maxima around n = 30, and 
the syndiotactic chains exhibit more pronounced maxima 
at n = 20. The corresponding ratios of eigenvalues for 
polyethylene computed by Yoon and Flory do not extend 
to values n C 20, but behave, at least qualitatively, simi- 
larly to those of the atactic polypropylenes (Figure 3). All 
tacticities converge to the same limiting values, displayed 
in Table 111. These limits compare fairly well with those 
listed in Table I. 

n+- 

n-- 
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x =?I x -101 x =999 

Kax 1 8 2  07 seg i n m 3  

/L 
P = 0.85 P m  a x 

4.3 "lo of segs 
I 

P = 0.85 P m a x  

8.4% of segs 
p =0.85 prNaX 
4.1 0 1 ~  of segs 

Figure 5. Surfaces of equal average segment density for syndiotactic chains of chain length x = 11, x = 101, and x = 999. Surfaces 
are drawn at the indicated fractions of the maximum segment density in the domains of the chains. The axes are parallel to the principal 
axes of the average instantaneous radius of gyration tensor; they are the edges of the 40 X 40 X 40 grid used to construct the surfaces 
and are all of equal length. 

From the combined results, so far, it is evident that 
different measures of shape are sensitive to a very different 
degree to chain length and structure (i-e., tacticity). 

Rubin and Mazur16 have plotted histograms of the 
segment distribution along the three principal axes of their 
model chains and noted qualitative differences between 
different projections, especially an unusual "flatness" for 
those projections along the major principal axis, X. The 
corresponding projections for isotactic polypropylene of 
chain length x = 21 are shown in Figure 4. Rubin and 
Mazur's observations are confirmed, but in addition it is 
obvious that the projected distribution along the X axis 

is not simply flat, but has a minimum at the center. The 
shape of these projections is essentially the same for all 
chains, regardless of length or tacticity (only the spread 
and height of the histograms, and the location of the 
maxima along the X axis, change). The depth of the 
central minimum decreases slightly as n increases, but the 
projection is never actually flat; i.e., the bimodal appear- 
ance persists up to the longest chains examined (x = 999). 
This points to a dumbbell-like character of the instanta- 
neous shape of unperturbed polymers, Le., of both real 
chains at a &state and simple model chains. 

The detailed examination of the three-dimensional 
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Figure 6. Surfaces of equal average segment density for atactic chains with 50% meso diads of chain length x = 11, x = 101, and 
x = 999. See legend to Figure 5. 

spatial distribution of segments fully confirms the suspi- 
cion that a dumbbell-like density distribution characterizes 
these polymers. The distributions, collected during the 
Monte Carlo experiments in a 40 X 40 X 40 grid, are vis- 
ualized here as series of three-dimensional surfaces of 
constant segment density. Using an established algorithm 
for drawing isosurfacesZ4 we plotted perspective views of 
closed surfaces that border those regions in space in which 
the segment density assumes values equal to or higher than 
a specified limit. The total fraction of segments enclosed 
by these surfaces is also computed. Figures 5-7 each 
contain 15 surface plots, for syndiotactic, atactic, and 
isotactic chains, respectively. Each set of 15 plots contains 
surfaces for three chain lengths each, i.e., x = 11 (short), 
x = 101 (medium), and x = 999 (long). For each chain 

length, in turn, the segment distribution is characterized 
by five surface plots for segment densities from 3% to 85% 
of the maximum segment density, pmex, encountered any- 
where in the grid. The actual spatial extent of the closed 
regions ig indicated in the figures. 

Directing attention first a t  the surfaces of low density 
of the longest chains examined (those surfaces contain 
essentially ai1 chain segments in the distributions) we 
observe that Solc and Stockmayer's8 early characterization 
of the segment cloud as a "cake of soap" is remarkably 
accurate. As we examine the distributions at higher and 
higher densities, however, striking features become ap- 
parent: for all chain lengths and all tacticities examined 
an indentation, or ridge, develops at the "waistline" of the 
surfaces; i.e., along the contour in the Y-Z plane, the 
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Figure 7. Surfaces of equal average segment density for isotactic chains of chain length x = 11, x = 101, and x = 999. See legend 
to Figure 5. 

distribution becomes bimodal and separates into two 
distinct domains. The loci of highest density in these 
dumbbell-shaped distributions are between ca. 1.q s2)01/2 
and apart, the distance being highest for the 
shortest, and lowest for the longest chains. Short chains, 
characterized by large ratios between the eigenvalues (see 
above), assume a characteristic flat and elongated shape. 
Chain length and tacticity influence strongly the shapes 

at intermediate densities, i.e., the way in which the segment 
distribution separates into two distinct regions. A hole 
may appear, giving rise to an elongated "doughnut", and 
subsequently to an arrangement in which the two dense 
cores are connected by two thin, lateral stems which are 
ultimately severed, or a single neck may develop and the 

distribution ultimately break up like a droplet. Even 
among the longest chains examined there are vestiges of 
differences due to tacticity in the surfaces at high density. 

The maximum segment densities observed in these 
distributions are consistently higher than those expected 
at  the center of orientationally averaged, spherically sym- 
metric distributions; they are between 15% and 50% above 
Debye and Bueche's1*25 estimate for a freely jointed chain 
with Gaussian segments 

pDBmax = (2/n)1/2(9/?rC,12)3/2, n - m (18) 

If the detailed distributions for the longest chains ( x  = 
999) are rotationally averaged a posteriori, however, dis- 
tributions of essentially Gaussian shape and maximum 
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densities, very well represented by eq 18, are recovered. 

Conclusions 
All chains examined, and in our conviction all flexible 

linear chains, are characterized by bimodal three-dimen- 
sional segment density distributions at high segment 
densities. For all chains the measures of shape indicate 
a high shape anisotropy for short chain length that de- 
creases within a few hundred skeletal bonds to the limiting 
values. Long chains a t  low segment densities resemble a 
cake of soap, while the detailed shape of short- and me- 
dium-length polymers is very dependent on structural 
details. 
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Appendix. Radius of Gyration Tensor and the 
Reduced Moment of Inertia Tensor 

The moment of intertia tensor of a chain, consisting of 
n + 1 "atoms" of equal mass, reduced by the total mass 
of the chain, id8 

zz + X' -yz 

x2 + y2 

tr (S)E - S 

where E is the unit tensor. Hence both I and S are 
diagnoal in the same principal axis system, and in this 
frame of reference 

I = diag (p + 5,s + %,Fz + F) 

-xz 1 = 

y 2  + z z  - x y  
I =  - 

n + 1 i=o E:: 
-yz 

-- 
where X 2 ,  p, and are the eigenvalues of S, and tr (I) 

= 2 tr (S). 
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Uniaxial Draw of Poly(ethy1ene oxide) by Solid-state Extrusion 
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ABSTRACT: Ultradrawn filaments of poly(ethy1ene oxide) (PEO) have been prepared by a solid-state 
coextrusion in an Instron capillary rheometer. Two different molecular weights, 3.0 x lo5 and 4.0 X lo6, were 
evaluated. Properties have been examined as a function of uniaxial draw ratio. The drawn filaments of PEO 
exhibit extremes of melting point, percent crystallinity, birefringence, and tensile modulus. Features of a 
PEO filament with a draw ratio of 32 are a 7 2  "C DSC melting point and a crystallinity of 94.0%, both measured 
at a scan of 2.5 "C m i d .  The corresponding birefringence is 3.5 X and the Young's modulus 3.5 GPa. 

Introduction 
Extrusion of several thermoplastics in the crystalline 

state has been performed over this past decade.'I2 A 
purpose of these studies has been to produce highly or- 
iented morphologies. Despite the great interest in polymer 
drawing, few studies on poly(ethy1ene oxide) (PEO) have 
been reported. Kitao et al.a4 employed two different 
drawing methods: (1) a dry and a wet process each at 
different temperatures; (2) a melt epinning method. A 
relatively low draw ratio (7.9), percent crystallinity, and 
briefringence were reported. 

To obtain higher draw ratios and to achieve enhance 
physical properties, strands of PEO were drawn in this 

study by solid-state coextrusion by a technique reported 
by Griswold et aL5 PEO extrudates of high draw resulting 
in filaments have been evaluated by thermal analysis, 
mechanical properties, and birefringence. The method of 
draw has the advantage of extensional deformation, under 
pressure and on a substrate for stress distribution.&' 
Experimental Section 

The eamples of PEO used in this study were obtained in powder 
form from Polyscience, Inc., Pittsburgh, PA. The molecular 
weights, M,, of the poly(ethy1ene oxide) samples were reported 
to  be 3.0 X lo5 and 4.0 X lo6. The powders were compression 
molded for 20 min at 110 O C  and 15000 psi into sheets of 0.2- 
0.3-mm thickness followed by cooling to ambient. At this stage 
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